
MULTIGRID WAVEFORM RELAXATION ON SPATIAL FINITEELEMENT MESHES: THE DISCRETE-TIME CASEJAN JANSSEN� AND STEFAN VANDEWALLEyAbstract. The e�ciency of numerically solving time-dependent partial di�erential equations onparallel computers can be greatly improved by computing the solution on many time-levels simultan-eously. The theoretical properties of one such method, namely the discrete-time multigrid waveformrelaxation method, are investigated for systems of ordinary di�erential equations obtained by spatial�nite element discretisation of linear parabolic initial boundary value problems. The results are com-pared to the corresponding continuous-time results. The theory is illustrated for a one-dimensionaland a two-dimensional model problem and checked against results obtained by numerical experi-ments.Key words. parabolic partial di�erential equations, waveform relaxation, multigrid, linearmultistep methodsAMS subject classi�cations. 65F10, 65L05, 65M55, 65M601. Introduction. We consider the numerical solution of a linear parabolic initialboundary value problem, spatially discretised by a conforming Galerkin �nite elementmethod. This leads to a linear system of ordinary di�erential equations (ODEs), seee.g. [10, 20], B _u+Au = f ; u(0) = u0 ; t > 0 ;(1.1)with B the symmetric positive de�nite mass matrix, A the sti�ness matrix, andu(t) = (u1(t); u2(t); : : : ; ud(t))t the unknown solution vector.In [10] we considered solving (1.1) with the continuous-time multigrid waveformrelaxation method. This method is based on waveform relaxation, a highly paralleltechnique for solving very large systems of ODEs, [12, 15]. It is accelerated by usingmultigrid, a very e�cient method for solving elliptic partial di�erential equations, seee.g. [1, 4, 24]. The continuous-time waveform relaxation method di�ers from stand-ard ODE-solvers in that it computes a solution along a continuous time-interval. Itrequires the analytical solution of certain ODEs and the exact continuous representa-tion of certain functions. The method is therefore mainly of theoretical interest. In anactual implementation of the method, the algorithm is replaced by a discrete-time al-gorithm. That is, functions are represented discretely as vectors de�ned on successivetime-levels, and the ODEs are solved by using standard time-stepping techniques.The resulting discrete-time multigrid waveform relaxation method belongs to theclass of parabolic multigrid methods. These are multigrid methods for time-dependentproblems designed to operate on grids extending in space and time. Other examplesof such methods are the time-parallel multigrid method, [3, 7], and the space-timemultigrid method, [8]. These methods are highly e�cient on parallel computers,possibly outperforming parallel implementations of standard time-stepping methodsby orders of magnitude, [9, 23]. Their convergence characteristics as iterative solvers�Katholieke Universiteit Leuven, Department of Computer Science, Celestijnenlaan 200A, B-3001Heverlee, Belgium. This text presents research results of the Belgian Incentive Program "InformationTechnology" - Computer Science of the future, initiated by the Belgian State - Prime Minister's O�cefor Science, Technology and Culture. The scienti�c responsibility is assumed by its authors.y California Institute of Technology, Applied Mathematics 217-50, Pasadena, CA 91125. Thiswork was supported in part by the NSF under Cooperative Agreement No. CCR-9120008.1



2 J. JANSSEN and S. VANDEWALLEare often similar to the convergence characteristics of multigrid methods for stationaryproblems, although di�erent parabolic multigrid methods may have very di�erentrobustness characteristics. The waveform method, in particular, was shown to bevery robust across a wide range of time-discretisation schemes. We refer to [8, 22] fora further discussion.In this paper, we continue our study of the multigrid waveform relaxation methodfor systems of the form (1.1). In particular, we analyse the e�ect of time-discretisationwhen linear multistep formulae are used. The structure of this paper is similar to thestructure of [10]. In x2, we analyse the spectral properties of certain operators thatarise in the formulation of the waveform relaxation methods. After a brief review ofsome de�nitions and properties of linear multistep methods in x3, we investigate theconvergence of the discrete-time standard waveform relaxation method (x4) and ofits two-grid acceleration (x5), both on �nite and in�nite time-intervals. For systemsof the form (1.1) with B = I , the discrete-time waveform method and its multigridvariant have been investigated in [14, 16, 17, 21]. Our results are qualitatively verysimilar, and generalise the ones found in these references. In x6, we perform a modelproblem analysis for a one-dimensional and two-dimensional model problem. Finally,in x7, extensive numerical results are reported.2. Spectral properties of a special operator. We will show in x4 and x5that the discrete-time waveform relaxation method and its two-grid acceleration canbe written as successive approximation schemes of the formu(�)� = H�u(��1)� + '� :(2.1)We use subscript � -notation to denote vectors or sequences, e.g. u(�)� = fu(�)i gN�1i=0 ,where N is the (possibly in�nite) number of components. Each component is a d-vector, and will typically approximate the solution of the system of d di�erentialequations (1.1) at a given time-level. Operator H� is a linear discrete convolutionoperator with matrix-valued kernel h� ,(H�u� )j = (h� ? u� )j = jXi=0 hj�iui ; j = 0; : : : ; N � 1 :The convergence properties of operatorH� will be analysed in the spaces of C d -valuedp-summable sequences of length N , lp(N ; C d ), or lp(N) for short. These are Banachspaces with norms given byjju� jjp =8<: pqPN�1i=0 jjuijjp 1 � p <1sup0�i<Nfjjuijjg p =1 ;(2.2)with jj:jj any usual C d vector-norm. Recall that the iterative scheme (2.1) is convergentif and only if the spectral radius of H� , denoted by �(H� ), is smaller than one. Thespectral radius is de�ned as the largest value � for which j�j > � implies that ��H�has a bounded inverse. When N is �nite, it equals the magnitude of the largesteigenvalue of H� .2.1. Spectral radius on �nite time-intervals.Lemma 2.1. Consider H� as an operator in lp(N), with 1 � p � 1 and N �nite.Then, H� is a bounded operator and�(H� ) = �(h0) = �(H� (1)) ;(2.3)



WAVEFORM RELAXATION ON FINITE ELEMENT MESHES 3with H� (z) =PN�1i=0 hiz�i the discrete Laplace-transform of the kernel of H� .Proof. Since H� is a linear operator in a �nite-dimensional space, boundednessof H� follows. The operation H�u� can be represented in a standard linear algebranotation as a matrix-vector product,26666664 h0h1 h0h2 h1 h0� � � �� � � � �hN�1 � � h2 h1 h0
3777777526666664 u0u1���uN�1

37777775 :(2.4)The spectral radius of operator H� equals the spectral radius of the N � N blocklower triangular Toeplitz matrix in (2.4). By consequence, �(H� ) = �(h0). Thesecond equality follows immediately.2.2. Spectral radius on in�nite time-intervals.Lemma 2.2. Suppose h� 2 l1(1), and consider H� as an operator in lp(1), with1 � p � 1. Then, H� is bounded and�(H� ) = maxjzj�1 �(H� (z))(2.5) = maxjzj=1 �(H� (z)) ;(2.6)with H� (z) =P1i=0 hiz�i the discrete Laplace-transform of h� .The outline of our proof is very similar to the one given in [16, Th. 3.1]. Yet, here,it is phrased in terms of general convolution operators. A similar line of argumentsis implied in the proof of [14, Prop. 9]. The proof is based on the discrete version ofthe Paley-Wiener Theorem, [13]. This theorem states that the solution of a discreteVolterra convolution equation x� + h� � x� = f� with f� 2 lp(1) and h� 2 l1(1)is bounded in lp(1) if and only if det(I +H� (z)) 6= 0 for jzj � 1, with H� (z) thediscrete Laplace-transform of h� .Proof. The boundedness of H� follows from the fact that l1 ? lp � lp. Indeed,applying Young's inequality for discrete convolution products, [6, p. 198], yieldsjjH�u� jjp � jjh� jj1 jju� jjp :By de�nition, the spectral radius of H� is the smallest value of � for which j�j > �implies that ��H� has a bounded inverse in lp(1). Consider�u� �H�u� = �u� � h� ? u� = f� ;with f� 2 lp(1). Suppose � 6= 0, then this can be rewritten as a convolution equationu� � 1�h� ? u� = 1�f� :By the Paley-Wiener Theorem, it follows that u� is bounded if and only ifdet�I � 1�H� (z)� 6= 0 for jzj � 1 ;or, equivalently, �(H� ) = supjzj�1 �(H� (z)) :



4 J. JANSSEN and S. VANDEWALLENote that H� (z) is analytic for jzj > 1, including z = 1, and, since h� 2 l1(1), itis continuous for jzj � 1 . Also, the spectral radius satis�es the maximum principle.Hence, we obtain (2.5) and (2.6).Remark 2.1. In the case of d = 1, this lemma corresponds to a well-knownspectral property of semi-in�nite Toeplitz operators, [18, Th. 2.1].In l2(1), an analogous result holds for the norm.Lemma 2.3. Suppose h� 2 l1(1), and consider H� as an operator in l2(1).Denote by jj:jj2 the l2-norm (2.2) with jj:jj the standard Euclidean vector norm. Then,jjH� jj2 = maxjzj�1 jjH� (z)jj(2.7) = maxjzj=1 jjH� (z)jj ;(2.8)with H� (z) the discrete Laplace-transform of h� .Proof. The proof is based on Parseval's relation for vector-valued l2-sequences,jju� jj2 := jjfuig1i=0jj2 = jj 1Xi=0 uiz�ijjH2 ;where jj � jjH2 is the norm in the Hardy-Lebesgue space of square integrable functionsanalytic outside the unit disk,jjf(z)jjH2 = supr>1� 12� Z 2�0 jjf(rei�)jj2d��1=2 :The Parseval relation for the scalar case can be found, e.g., in [25, p. 41]. By de�nitionof operator norm and by Parseval's relation, we havejjH� jj2 = sup jjH�u� jj2jju� jj2 = sup jjH� (z)~u�(z)jjH2jj~u� (z)jjH2 ;with ~u� (z) the discrete Laplace-transform of u� . jjH� jj2 can be seen to be equal tosupjzj�1 jjH� (z)jj . (For the technical details of this last step, we refer to the proofof a very similar theorem, [2, Th. 2.2], which deals with operator-norms of Fouriermultipliers.) Consideration of the analyticity and continuity of H� (z) leads to (2.7)and (2.8).Remark 2.2. From (2.3) and (2.5), it follows that the spectral radius of H�on �nite time-intervals is smaller than the spectral radius of H� on in�nite time-intervals.3. Some linear multistep formulae. For the reader's convenience, we recallthe general linear multistep formula for calculating the solution to the ODE _y = f(t; y)with y(0) = y0, see e.g. [11, p. 11],1� kXj=0 �jyn+j = kXj=0 �jfn+j :(3.1)In this formula, �j and �j are real constants, and � denotes a constant step-size. Weshall assume that k starting values y0; y1; : : : ; yk�1 are given.



WAVEFORM RELAXATION ON FINITE ELEMENT MESHES 5Definition 3.1. The characteristic polynomials of the linear multistep methodare given by a(z) = kXj=0 �jzj and b(z) = kXj=0 �jzj :Throughout this paper we adhere to some common assumptions. The linear multistepmethod is irreducible: a(z) and b(z) have no common roots; the linear multistepmethod is consistent: a(1) = 0 and a0(1) = b(1); the linear multistep method is zero-stable: all roots of a(z) are inside the closed unit disk and every root with modulusone is simple. For future reference, we also de�ne the stability region of a linearmultistep method, and the related notion of A(�)-stability, see e.g. [5, 11].Definition 3.2. The stability region S consists of those � 2 �C for which thepolynomial a(z)� �b(z) (around � =1: ��1a(z)� b(z)) satis�es the root condition:all roots satisfy jzj j � 1 and those of modulus 1 are simple.Definition 3.3. A multistep method is calledi) A(�)-stable, 0 < � < �2 , if S � �� = fz : jArg(�z)j < �; z 6= 0gii) A-stable if S contains the left half complex plane.4. The waveform relaxation method. The continuous-time waveform re-laxation method for solving initial value problem (1.1) is de�ned by the splittingsB =MB �NB , A =MA �NA, and the iteration schemeMB _u(�) +MAu(�) = NB _u(��1) +NAu(��1) + f ;(4.1)with u(�)(0) = u0. We assume the splitting is such thatMB is invertible. This iterativescheme can be written in explicit form as u(�) = Ku(��1) + '. The convergenceproperties of iteration operator K, the continuous-time waveform relaxation operator,have been studied in [10]. They are expressed in terms of the matrixK(z) = (zMB +MA)�1(zNB +NA) :(4.2)It was shown that, respectively on �nite and in�nite time-intervals, and with i = p�1,�(K) = �(K(1)) and �(K) = supRe(z)�0 �(K(z)) = sup�2R�(K(i�)) :(4.3)4.1. The discrete-time waveform relaxation operator. Application of lin-ear multistep formula (3.1) to the continuous-time iteration scheme (4.1) leads to1� kXj=0 �jMBu(�)n+j + kXj=0 �jMAu(�)n+j =1� kXj=0 �jNBu(��1)n+j + kXj=0 �jNAu(��1)n+j + kXj=0 �jfn+j ; n � 0 :(4.4)We do not iterate on the k starting values, i.e., u(�)j = u(��1)j = uj , for j < k. Inthe remainder of the text we shall concentrate on the use of implicit methods, i.e.,�k 6= 0. Equation (4.4) can then be solved uniquely for every n if and only if thefollowing condition is satis�ed:�k�k 62 � ���M�1B MA� ;(4.5)



6 J. JANSSEN and S. VANDEWALLEwhere �(�) denotes the spectrum. Further on we shall refer to this condition as thediscrete solvability condition.Iteration (4.4) can be rewritten as u(�)� = K�u(��1)� + '� . Because we do notiterate on the starting values, we use a slightly di�erent subscript � -notation herethan the one in (2.1); that is, u� = fuk+igN�1i=0 :(4.6)(Alternatively, we could have used negative indices to denote the time-levels associatedwith the k starting values, as is done in [13, 14]. This, however, would require someshifting in the indices of formulae (3.1) and (4.4).) The precise expression for '� can becalculated following the lines of [17, p. 536-537]. It depends on the values of fn; n � 0and on the starting values un; n < k. In order to determine the nature of K� , thediscrete-time waveform relaxation operator, we rewrite (4.4) using e(�)n = u(�)n � un.Here, un is the exact solution of ODE (1.1) when discretised using the linear multistepmethod. This gives1� kXj=0 �jMBe(�)n+j + kXj=0 �jMAe(�)n+j = 1� kXj=0 �jNBe(��1)n+j + kXj=0 �jNAe(��1)n+j ; n � 0 :With Cj = 1� �jMB + �jMA, and Dj = 1� �jNB + �jNA, this becomeskXj=0 Cje(�)n+j = kXj=0Dje(��1)n+j ; n � 0 :(4.7)Note that e(�)j = e(��1)j = 0, j < k. When we combine the �rst N equations, i.e.,the equations for the unknowns on time-steps k; : : : ; N + k� 1, and after introducingvector E(�) = [e(�)k e(�)k+1 : : : e(�)N+k�1]t, we getE(�) = C�1D E(��1) :(4.8)Matrices C and D are N � N block lower triangular matrices with k + 1 constantdiagonals. The blocks on the j-th diagonal are given respectively by Ck�j and Dk�j .It follows immediately that matrix C�1D is a N �N block lower triangular Toeplitzmatrix. Hence, K� is a discrete linear convolution operator on the lp-space of vectors orsequences of length N . The j-th component of the matrix-valued discrete convolutionkernel k� equals the (constant) submatrix on the j-th lower block diagonal of C�1D.In the theory we shall need the discrete Laplace-transform of the convolutionkernel. It can be found by discrete Laplace-transforming equation (4.7). If ~e(�)� (z)denotes the transform of e(�)� , we obtain~e(�)� (z) =K� (z)~e(��1)� (z) ;with the discrete-time waveform relaxation matrix given byK� (z) = (a(z)MB + �b(z)MA)�1(a(z)NB + �b(z)NA) :(4.9)By comparison to (4.2) the following relation results,K� (z) =K( 1� ab (z)) :(4.10)Note that (4.10) still holds when ab (z) is set to 1 in the case of b(z) = 0. (In thiscase a(z) 6= 0, since the characteristic polynomials have no common roots.)



WAVEFORM RELAXATION ON FINITE ELEMENT MESHES 74.2. Convergence analysis.4.2.1. Convergence on �nite time-intervals.Theorem 4.1. Assume that condition (4.5) is satis�ed, and consider K� as anoperator in lp(N), with 1 � p �1 and N �nite. Then, K� is bounded and�(K� ) = ��K�1� �k�k �� :(4.11)Proof. The theorem follows from Lemma 2.1 and the observation thatlimz!1K� (z) = limz!1K�1� ab (z)� =K�1� �k�k� :4.2.2. Convergence on in�nite time-intervals. The following lemma dealswith the boundedness of the discrete-time waveform relaxation operator K� . It isproved using a matrix-valued version of Wiener's inversion Theorem, [13, p. 446] and[16, p. 577], which is stated here for the reader's convenience.Theorem 4.2 (Wiener's inversion Theorem). Given a matrix valued sequenceA� such that A� 2 l1(1), and assume thatdet 1Xi=0 Aiz�i 6= 0for jzj � 1. Setting P1i=0Biz�i = �P1i=0Aiz�i��1, we have B� 2 l1(1) .Lemma 4.3. If �(��M�1B MA) � intS, then K� is bounded in lp(1) .Proof. It is su�cient to prove that the kernel k� of the discrete convolutionoperator K� is an l1-sequence. To this end, consider �rst the l1-sequence�kMB + ��kMA; �k�1MB + ��k�1MA; : : : ; �0MB + ��0MA; 0; 0; : : :Its discrete Laplace-transform equals the matrix function z�k (a(z)MB + �b(z)MA).By Wiener's Theorem, we have that the inverse, (a(z)MB + �b(z)MA)�1 zk, is thetransform of another l1-sequence, say r� , ifdet (a(z)MB + �b(z)MA) 6= 0 for jzj � 1 :(4.12)Next, consider the l1-sequences� = �kNB + ��kNA; �k�1NB + ��k�1NA; : : : ; �0NB + ��0NA; 0; 0; : : : ;the discrete Laplace-transform of which is given by z�k(a(z)NB + �b(z)NA). Theconvolution of r� and s� is another l1-sequence, which can be seen to be equal to thekernel k� . Indeed, the discrete Laplace-transform of r� ? s� is identical to K� (z). Asa result, it follows that K� is bounded if (4.12) is satis�ed.Suppose there is a z with jzj � 1 such thatdet (a(z)MB + �b(z)MA) = 0 :(4.13)



8 J. JANSSEN and S. VANDEWALLEThen necessarily b(z) 6= 0. (If b(z) = 0 then a(z) 6= 0, because a(z) and b(z) have nocommon roots. Since MB is assumed to be invertible, equality (4.13) can not hold.)Hence, we obtain det�ab (z)MB + �MA� = 0 ;and therefore ab (z) 2 �(��M�1B MA). Since jzj � 1, it follows that ��M�1B MA hasan eigenvalue which is not an interior point of S. This contradicts the assumption ofthe lemma. Hence, (4.12) is satis�ed.Remark 4.1. Condition �(��M�1B MA) � intS implies the discrete solvabilitycondition (4.5). Indeed, since �k�k = ab (1) , it follows that �k�k 62 intS , and, therefore,�k�k 62 �(��M�1B MA).Remark 4.2. Condition �(��M�1B MA) � intS implies that all poles of K(z)are in the interior of the scaled stability region 1� S.Theorem 4.4. Assume �(��M�1B MA) � intS, and consider K� as an operatorin lp(1), with 1 � p � 1. Then,�(K� ) = supf�(K(z))j�z 2 C n intSg(4.14) = sup�z2@S �(K(z)) :(4.15)Proof. As �(��M�1B MA) � intS, it follows that k� 2 l1(1). Lemma 2.2 yields�(K� ) = maxjzj�1 �(K� (z)) = maxjzj�1 ��K�1� ab (z)�� :By de�nition of the stability region,�C n intS = nab (z) : jzj � 1o ;and thereby (4.14) follows. Equality (4.15) is obtained by the maximum principle.Note that we write `sup' instead of `max', since the maximum may be approached atin�nity.In l2(1), a similar result holds for the norm by application of Lemma 2.3.Theorem 4.5. Assume �(��M�1B MA) � intS, and consider K� as an operatorin l2(1). Denote by jj:jj2 the l2-norm (2.2) with jj:jj the standard Euclidean vector-norm. Then, jjK� jj2 = supfjjK(z)jj : �z 2 C n intSg(4.16) = sup�z2@S jjK(z)jj :(4.17)In analogy to the discussion in [17, Th. 4.2] we can make the following note.Remark 4.3. When the assumption in the above theorems is violated, a weakercondition may be satis�ed: �(��M�1B MA) � intS� , where S� consists of all � forwhich a(e��z) � �b(e��z) (around � = 1: ��1a(e��z) � b(e��z)) satis�es theroot condition. The analysis then can be redone using an exponentially scaled norm,jju� jj = jjfuigjj = jjfe��iuigjj :(4.18)The norm in the right-hand side is a standard p-norm (2.2). With this change ofnorm, the suprema in Theorems 4.4 and 4.5 have to be taken over all �z in C n intS� ,or, after application of the maximum principle, over @S� .



WAVEFORM RELAXATION ON FINITE ELEMENT MESHES 94.3. Discrete-time versus continuous-time results. The continuous-timeresults (4.3) are regained when we let � ! 0 in the convergence formulae for operatorK� . For �nite time-intervals, we havelim�!0 �(K� ) = lim�!0 ��K�1� �k�k �� = �(K(1)) = �(K) :A similar result is found for in�nite time-intervals. Note that the tangent to @S in theorigin of the complex plane is the imaginary axis, for any consistent linear multistepmethod. As such, the boundary of the scaled stability region @( 1� S) tends to theimaginary axis when � ! 0. Consequently,lim�!0 �(K� ) = lim�!0 sup�z2@S �(K(z)) = sup�2R�(K(i�)) = �(K) :Furthermore, for a �xed time-step � , we can prove the following theorem forA(�)-stable linear multistep methods (see De�nition 3.3). The theorem is closelyrelated to [14, Prop. 9], where multigrid waveform relaxation on �nite di�erence gridsis analysed. We reformulate the proof, using our notations, for completeness.Theorem 4.6. Assume �(��M�1B MA) � ��. Consider K� as an operator inlp(1) and K as an operator in Lp(0;1), with 1 � p �1. Then,i) if the linear multistep method is A-stable, then �(K� ) � �(K).ii) if the linear multistep method is A(�)-stable, then�(K� ) � supz2�c� �(K(z)) = supz2@�c� �(K(z)) ;(4.19)with �c� = C n�� = fz : jArg(z)j � � � �g.Proof. Part i) is a special case of ii) with � = �=2, combined with the secondequality of (4.3). For part ii), we notice that we may apply Theorem 4.4 since�(��M�1B MA) � �� � intS. Therefore,�(K� ) = maxjzj�1 ��K�1� ab (z)�� :(4.20)If the multistep method is A(�)-stable, then ab (z) 2 �c� for jzj � 1. Combining thelatter with (4.20) yields the inequality of (4.19). The equality is obtained by themaximum principle.5. The multigrid waveform relaxation method. The splittings of matricesB and A used in actual computations typically correspond to Gauss-Seidel or weightedJacobi splittings. Each iteration de�ned by (4.1) can then be computed as the solutionof d ordinary di�erential equations, each in a single unknown. The resulting iterationcan be accelerated by using the multigrid principle, in a very similar way as thestandard point-wise relaxation methods are accelerated when solving elliptic partialdi�erential equations.The continuous-time two-grid waveform relaxation scheme is sketched below. Werefer to [10] for a more elaborate description. The algorithm uses two nested grids,a coarse grid 
H and a �ne grid 
h. Grid functions are mapped from the one gridto the other by a prolongation (or interpolation) operator (p : 
H ! 
h) and arestriction operator (r : 
h ! 
H). The discretisation on the �ne grid is de�ned bythe matrices Bh and Ah, the discretisation on the coarse grid by BH and AH . Oneiteration transforms iterate u(��1) into u(�) in three steps.



10 J. JANSSEN and S. VANDEWALLE(i) Pre-smoothing. Set x(0)h = u(��1), and perform �1 �ne-grid waveform relax-ation steps: for � = 1; 2; : : : ; �1, solveMBh _x(�)h +MAhx(�)h = NBh _x(��1)h +NAhx(��1)h + fh ; with x(�)h (0) = u0 :(5.1) (ii) Coarse grid correction. Calculate the defectdh = B _x(�1)h +Ahx(�1)h � fh :Solve the coarse-grid defect equationBH _vH +AHvH = rdh; with vH(0) = 0 ;and correct, �xh = x(�1)h � pvH :(iii) Post-smoothing. Set x(0)h = �xh and perform �2 �ne-grid waveform relaxationsteps (5.1). Set u(�) = x(�2)h .This two-grid cycle can be written as u(�) =Mu(��1)+', whereM is called thecontinuous-time two-grid waveform relaxation operator. The convergence formulaeof M as an iteration operator resemble those of the standard waveform relaxationmethod. More precisely, in [10] we �nd respectively for the �nite and for the in�nitetime-interval case�(M) = �(M(1)) and �(M) = supRe(z)�0 �(M(z)) = sup�2R�(M(i�)) :(5.2)M(z), the continuous-time two-grid waveform relaxation matrix, is given byM(z) =K�2(z)(I � p(zBH +AH )�1r(zBh +Ah))K�1(z) ;with K(z) the �ne-grid matrix given in (4.2). We recall from [10, Rem. 4.1] thefollowing important remark.Remark 5.1. In the case of a Gauss-Seidel (or weighted Jacobi) splitting ofAh and Bh, K(z) and M(z) are respectively the Gauss-Seidel (or weighted Jacobi)iteration matrix and the two-grid iteration matrix for the system (zBh+Ah)uh = fh.In the following, the discrete-time variant of this two-grid waveform relaxationmethod is theoretically investigated. We refer to the Appendix for a similar conver-gence study of the multigrid waveform relaxation method. The latter is de�ned bysolving the coarse-grid defect equation using one or more similar two-grid waveformrelaxation cycles, and applying this idea recursively.5.1. The discrete-time two-grid waveform relaxation operator. We dis-cretise the equations of the continuous-time two-grid cycle using a linear multistepmethod with a �xed time-step � . As before, we assume that we do not iterate onthe k given starting values. The discrete-time two-grid cycle de�nes a linear operatorM� , which satis�esu(�)� =M�u(��1)� + '� and e(�)� =M�e(��1)� ;(5.3)where e(�)� is the error of the �-th iterate. Our notation is again similar to (4.6). M�is called the discrete-time two-grid waveform relaxation operator.



WAVEFORM RELAXATION ON FINITE ELEMENT MESHES 11The second equation of (5.3) can be reformulated in a similar way as we arrivedat (4.8), E(�) = (C�1h Dh)�2(I � PF�1H RFh)(C�1h Dh)�1E(��1) :(5.4)Here, E(�) = [e(�)k e(�)k+1 : : : e(�)N+k�1]t. Matrices Ch, Dh, FH and Fh are N � N blocklower triangular matrices with k+1 constant diagonals. The blocks of the j-th diagonalequal respectively (Ch)k�j , (Dh)k�j , (FH)k�j and (Fh)k�j , with(Ch)j = 1� �jMBh + �jMAh ; (Dh)j = 1� �jNBh + �jNAh ;and (FH )j = 1� �jBH + �jAH ; (Fh)j = 1� �jBh + �jAh :Matrices P and R are block diagonal with constant diagonal blocks respectively equalto matrices p and r. I is the identity matrix of dimension d � N . The resultingdiscrete-time two-grid cycle is well-de�ned, if and only if the following conditionshold, �k�k 62 �(��M�1BhMAh) and �k�k 62 �(��B�1H AH) :(5.5)We shall refer to (5.5) as the discrete solvability conditions for the two-grid algorithm.It can be seen that the matrix pre-multiplying E(��1) in (5.4) is a lower trian-gular block Toeplitz matrix. This implies that M� is a discrete linear convolutionoperator. The discrete Laplace-transform of its matrix-valued kernel can be foundby transforming the equations of the discrete-time two-grid cycle. It is denoted byM� (z), the discrete-time two-grid waveform relaxation matrix, and equalsM� (z) = K� �2(z)C� (z)K� �1(z) ;with K� (z) given by (4.9) and C� (z) given byI � p (a(z)BH + �b(z)AH)�1 r (a(z)Bh + �b(z)Ah) :Matrix M� (z) satis�es as similar relation as K� (z) does in (4.10),M� (z) =M�1� ab (z)� :(5.6)5.2. Convergence analysis. The convergence analysis of operator M� is verysimilar to the convergence analysis of the standard waveform relaxation operator K� .5.2.1. Convergence on �nite time-intervals.Theorem 5.1. Assume that conditions (5.5) are satis�ed, and consider M� asan operator in lp(N), with 1 � p � 1 and N �nite. Then, M� is bounded and�(M� ) = ��M�1� �k�k �� :(5.7)Proof. The theorem follows from Lemma 2.1 and (5.6),�(M� ) = �(M� (1)) = ��M�1� ab (1)�� = ��M�1� �k�k �� :



12 J. JANSSEN and S. VANDEWALLE5.2.2. Convergence on in�nite time-intervals. We �rst prove the bounded-ness of M� , i.e, we prove the two-grid equivalent of Lemma 4.3.Lemma 5.2. Assume �(��M�1BhMAh) [ �(��B�1H AH) � intS. Then, M� isbounded in lp(1).Proof. It is su�cient to prove that the kernel of M� belongs to l1(1). We shallanalyse each of the factors in the formula for M� (z) separately.We have, from the proof of Lemma 4.3, that K� (z) is the discrete Laplace-transform of an l1-sequence, say q� , ifdet (a(z)MBh + �b(z)MAh) 6= 0 ; jzj � 1 :(5.8)Consider the l1-sequence�kBH + ��kAH ; �k�1BH + ��k�1AH ; : : : ; �0BH + ��0AH ; 0; 0; : : :Its transform is given by z�k(a(z)BH + �b(z)AH). By Wiener's inversion Theorem,(a(z)BH + �b(z)AH )�1zk is the transform of an l1-sequence, say w� , ifdet(a(z)BH + �b(z)AH) 6= 0 ; jzj � 1 :(5.9)Next, consider the l1-sequencesi� = I; 0; : : : ; 0; 0; 0; : : :v� = �kBh + ��kAh; �k�1Bh + ��k�1Ah ; : : : ; �0Bh + ��0Ah; 0; 0; : : :I is the d� d identity matrix. Their transforms are given respectively byI and z�k (a(z)Bh + �b(z)Ah) :Now, consider the sequenceq� ? q� ? : : : ? q�| {z }�2 times ? ( i� � p w� ? r v� ) ? q� ? q� ? : : : ? q�| {z }�1 times :(5.10)If conditions (5.8) and (5.9) are satis�ed, it follows that this sequence is in l1. (l1is closed under convolution and addition. The multiplication of an l1-sequence by amatrix is an l1-sequence.) The discrete Laplace-transform of sequence (5.10) equalsM� (z), hence the sequence equals the kernel of M� . To conclude, M� is boundedunder conditions (5.8) and (5.9).Suppose one of these conditions is violated. That is to say, there is a z withjzj � 1 such that det(a(z)MBh+�b(z)NBh) = 0 or det(a(z)BH+�b(z)AH) = 0. Thatwould mean that ab (z) 2 �(��M�1BhMAh) [ �(��B�1H AH). Since jzj � 1 this violatesthe assumption of the lemma.Remark 5.2. The assumption of Lemma 5.2 implies the two-grid discretesolvability conditions (5.5).Remark 5.3. The assumption of Lemma 5.2 implies that all poles of M(z) areinside the scaled stability region 1� S.Theorem 5.3. Assume �(��M�1BhMAh) [ �(��B�1H AH) � intS, and considerM� as an operator in lp(1), with 1 � p �1. Then,�(M� ) = supf�(M(z))j�z 2 C n intSg(5.11) = sup�z2@S �(M(z)) :(5.12)



WAVEFORM RELAXATION ON FINITE ELEMENT MESHES 13Proof. The proof is a direct consequence of Lemma 2.2, and is similar to the proofof Theorem 4.4.Application of Lemma 2.3 yields the following result for the l2-norm of M� .Theorem 5.4. Assume �(��M�1BhMAh) [ �(��B�1H AH) � intS, and considerM� as an operator in l2(1). Denote by jj:jj2 the l2-norm (2.2) with jj:jj the standardEuclidean vector-norm. Then,jjM� jj2 = supfjjM(z)jj : �z 2 C n intSg(5.13) = sup�z2@S jjM(z)jj :(5.14)Remark 5.4. If the assumption of the former theorems is violated, but theweaker condition �(��M�1BhMAh) [ �(��B�1H AH) � intS� holds, then we can for-mulate a remark analogous to Remark 4.3.5.3. Discrete-time versus continuous-time results. The relation betweenthe two-grid operatorsM� andM is similar to the relation between K� and K. Moreprecisely, both for �nite and in�nite intervals:lim�!0 �(M� ) = �(M) :We also state the two-grid equivalent of Theorem 4.6, without proof.Theorem 5.5. Assume �(��M�1BhMAh) [ �(��B�1H AH) � ��. Consider M�as an operator in lp(1) and M as an operator in Lp(0;1), with 1 � p � 1. Then,i) if the linear multistep method is A-stable, then �(M� ) � �(M).ii) if the linear multistep method is A(�)-stable, then�(M� ) � supz2�c� �(M(z)) = supz2@�c� �(M(z)) ;(5.15)with �c� = C n�� = fz : jArg(z)j � � � �g.6. Model problem analysis.6.1. A one-dimensional model problem. In order to clarify the convergencebehaviour of the waveform relaxation methods, we shall start with a very simple andsmall model problem, the one-dimensional heat equation on the unit interval,@u@t � @2u@x2 = f ; x 2 [0; 1] :(6.1)Dirichlet boundary conditions and initial condition are chosen such that the solutionequals u(x; t) = sin(�x) exp(��2t). The problem is discretised using linear �niteelements on a mesh 
h with mesh-size h = 1=16.We consider the Gauss-Seidel waveform relaxation algorithm and the two-levelmethod, with one red/black Gauss-Seidel pre-smoothing step, a similar post-smoothingstep, standard coarsening (H = 2h) and linear interpolation. The restriction is de�nedin the standard way for �nite element multigrid methods, i.e., r = pt. For both wave-form algorithms, we analyse the use of di�erent time-discretisation formulae, witha constant time-step � = 1=100. In particular, we consider the trapezoidal rule orCrank-Nicolson (CN) method, and the backward di�erentiation formulae (BDF) oforder 1 up to 5. The spectral radii of the �nite and in�nite time-interval operators



14 J. JANSSEN and S. VANDEWALLETable 6.1Theoretical and measured values of �(K� ) for (6.1) (h=1/16, �=1/100).CN BDF(1) BDF(2) BDF(3) BDF(4) BDF(5)�nite length 0.458 0.658 0.548 0.486 0.445 0.414in�nite length 0.962 0.962 0.962 0.976 1.149 1.865measured 0.960 0.961 0.961 0.974 1.147 1.858Table 6.2Theoretical and measured values of �(M� ) for (6.1) (h=1/16, �=1/100).CN BDF(1) BDF(2) BDF(3) BDF(4) BDF(5)�nite length 0.050 0.050 0.052 0.051 0.049 0.047in�nite length 0.264 0.069 0.106 0.170 0.343 1.184measured 0.255 0.064 0.099 0.161 0.335 1.166for the standard and for the two-level algorithm are reported respectively in Table6.1 and 6.2. The results were computed by direct numerical evaluation of formulae(4.11) and (4.15), and (5.7) and (5.12). The tables also present values of convergencefactors, observed with an implementation of the methods, using 1000 time-steps. Anoscillatory initial approximation to the solution was chosen in order to excite all pos-sible error frequencies. The measured values correspond very well to the theoretical,in�nite interval spectral radii. This e�ect is explained in more detail in x7.1.These results can be understood by looking at the spectral picture, [21, p. 107],which enables a graphical inspection of convergence. In the spectral picture a set ofcontour lines of the function �(K(z)) or �(M(z)) is plotted for z in a region of thecomplex plane close to the complex origin. On top of this picture, the scaled stabilityboundary of the linear multistep methods can be plotted. Figures 6.1 and 6.2 displaycontour lines of �(K(z)) and �(M(z)) (respectively for values 0.8, 1.0, 1.2, 1.4, 1.6,1.8, 2.0 and for values 0.1, 0.3, 0.5, 0.7, 0.9, 1.1) for the model problem, together withthe scaled stability region boundaries of the CN and BDF methods.The values of the �nite interval spectral radii can be estimated by checking thevalues of the functions at the points on the real axis given by 1� �k�k (which are notshown in the picture). With increasing order of the BDF methods, these points moveto the right. Indeed, �k�k equals 1 (BDF(1)), 3/2 (BDF(2)), 11/6 (BDF(3)), 25/12(BDF(4)), and 137/60 (BDF(5)). A value of 2 is found for the CN method.The values of the in�nite interval spectral radii can be estimated by taking themaximum of �(K(z)) or �(M(z)) over the plotted scaled stability region boundaries.The in�nite length discrete-time waveformmethods are convergent for the CN methodand the low order BDF methods. Divergence is observed for some high order methods.In general, the spectral radius increases with increasing order of the BDF method.This was to be expected from Theorems 4.6 and 5.5, and the knowledge that theBDF methods are A(�)-stable with � = 90� (BDF(1), BDF(2)), � = 88� (BDF(3)),� = 73� (BDF(4)) and � = 51� (BDF(5)). Note also that the maximum of �(K(z))over 1� @S is found at the origin for CN, BDF(1) and BDF(2). Hence, the equality ofthe corresponding values in Table 6.1.6.2. A two-dimensional model problem. Next, we study the two-dimensionalheat equation on the unit square,@u@t � @2u@x2 � @2u@y2 = f ; (x; y) 2 [0; 1]� [0; 1] ;(6.2)
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Fig. 6.1. Spectral picture and graphical convergence test for (6.1) (�(K(z)), h=1/16, �=1/100).
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Fig. 6.2. Spectral picture and graphical convergence test for (6.1) (�(M(z)), h=1/16, �=1/100).



16 J. JANSSEN and S. VANDEWALLETable 6.3Theoretical and measured values of �(M� ) for (6.2) (linear elements, h = 1=32, � = 1=100).CN BDF(1) BDF(2) BDF(3) BDF(4) BDF(5)�nite length 0.102 0.120 0.110 0.104 0.100 0.097in�nite length 0.374 0.148 0.148 0.150 0.170 0.233measured 0.329 0.135 0.137 0.138 0.150 0.198Table 6.4Theoretical and measured values of �(M� ) for (6.2) (bilinear elements, h = 1=32, � = 1=100).CN BDF(1) BDF(2) BDF(3) BDF(4) BDF(5)�nite length 0.038 0.042 0.040 0.038 0.037 0.036in�nite length 0.356 0.052 0.058 0.068 0.087 0.132measured 0.313 0.039 0.044 0.049 0.067 0.118completed with Dirichlet boundary conditions and an initial condition. The analyticalsolution equals u(x; y; t) = 1+sin(�x=2) sin(�y=2) exp(��2t=2). The problem is dis-cretised on a regular triangular mesh with linear elements, and on a regular rectangu-lar mesh with bilinear elements. We will analyse convergence of the two-level method,with one four-colour Gauss-Seidel pre-smoothing step, a similar post-smoothing step,standard coarsening (H = 2h) and linear interpolation. The restriction is againde�ned by r = pt, which leads to a seven-point formula in the linear element case,and a nine-point formula in the bilinear element case.It is no longer practical to use a direct numerical evaluation of �(M(z)) to studyconvergence characteristics. Instead, we can resort to Remark 5.1, which relates�(M(z)) to the analysis of a standard two-grid method for a simple elliptic problem.The latter can be analysed e�ciently using a classical Fourier mode analysis as intro-duced by Brandt in [1]. Fourier analysis shows that, under certain conditions, matrixM(z) is spectrally equivalent to a block diagonal matrix whose diagonal blocks arematrices of size at most four by four. The general form of these four by four matricescan be derived by studying the action of the di�erent multigrid operators on certainsets of four related exponential or sinusoidal Fourier modes. The spectral propertiesof M(z) are then calculated easily. We refer to the above reference, and to [19] and[24] for an in depth discussion of the classical Fourier mode analysis. In the presentpaper we have closely followed the guidelines laid out in [24, Ch. 7].Fig. 6.3 shows the spectral picture for linear �nite elements with h=1/32. In thecomputation we used exponential Fourier modes. They lead to an exact value of thespectral radius in the case of periodic boundary conditions. A slight modi�cationto the standard exponential mode analysis was applied to cater for the Dirichletboundary conditions, a modi�cation described in [24, p. 111]. Fig. 6.4 shows a similarpicture for bilinear elements on a grid with h=1/32. The nature of the stencil in thebilinear element case is such that a sinusoidal Fourier mode analysis is possible, see[19, x7.1]. The sinusoidal mode analysis leads automatically to the correct value ofthe spectral radius in the case of a problem with Dirichlet boundary conditions.In Tables 6.3 and 6.4 we present two-grid spectral radii for the �nite lengthand in�nite length waveform operators, together with two-grid convergence factorscomputed numerically using an oscillatory initial approximation and 1000 time-steps.As for the one-dimensional problem, there is again a good agreement between thetheoretical in�nite length spectral radii and the experimental convergence factors.
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Fig. 6.3. Spectral picture for (6.2) (�(M(z)), linear elements, h=1/32).
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Fig. 6.4. Spectral picture for (6.2) (�(M(z)), bilinear elements, h=1/32).
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Fig. 7.1. Convergence factors �(�) as a function of � (BDF(2) method).
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2.0qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqFig. 7.2. Convergence factors �(�) as a function of � (BDF(5) method).7. Numerical experiments.7.1. The one-dimensional model problem. In this section, we shall clarifythe relation between the �nite time-interval and in�nite time-interval spectral radii.To this end, we solve (6.1) using the Gauss-Seidel waveform method with BDF(2) andBDF(5) time-discretisation, with constant time-step � = 1=100 on 100 time-levels(N = 100). (Note that a similar analysis could be done for the two-level methodand/or for larger values of N . It would lead to similar conclusions and insights.)Let d(�)� denote the discrete defect or residual in the �-th iteration. The conver-gence factor of the �-th iteration is then de�ned by�(�) = jjd(�)� jj2=jjd(��1)� jj2 :(7.1)In Figure 7.1 successive convergence factors are plotted for the �rst 400 waveformGauss-Seidel iterations, when BDF(2) discretisation is used. These factors appearto remain more or less constant for a large number of iterations. The height ofthe plateau matches the value obtained in Table 6.1 for in�nite time-intervals, i.e.,0.962. Eventually, the plateau in Figure 7.1 is left, and the factors start to decrease.Ultimately, they start to rise again and reach the value 1. This is for purely technicalreasons, because at that time the solution has converged within the �nite-precisionarithmetic of the implementation. A similar plot is given in Figure 7.2 for the BDF(5)discretisation. Here, the evolution is much more erratic. The results clearly indicatedivergence for a large number of iterations. After su�cient number of iterations, theconvergence factors decrease below 1, and the iteration starts to converge rapidly.This behaviour can be explained by examining the time-level convergence factors.These factors are similar to the standard convergence factors (7.1), but are evaluatedfor each time-level separately,�(�)k = jjd(�)k jj2=jjd(��1)k jj2 :
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2.02.53.0qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq� = 100Fig. 7.4. Time-level convergence factors �(�)k as a function of k (BDF(5) method)In Figure 7.3, we plotted such time-level convergence factors for the BDF(2)method (for � = 10, � = 100, � = 200 and � = 300). The factor measured at the �rsttime-level equals 0.548, exactly equal to the value predicted by the �nite time-intervalanalysis in Table 6.1. The convergence factors at the next time-levels increase, andeventually become constant. The height of the plateau matches the spectral radiusvalue for in�nite time-intervals. As more iterations are applied, the plateau is forcedout of the time-window and the corresponding convergence factors decrease.In Figure 7.4, we have plotted time-level convergence factors for the BDF(5)method (for � = 1, � = 5, � = 50 and � = 100). Again, we observe that the factor



20 J. JANSSEN and S. VANDEWALLETable 7.1Averaged convergence factors for (6.2) (linear basis functions, h = 1=32, � = 1=200).CN BDF(1) BDF(2) BDF(3) BDF(4) BDF(5)Gauss-Seidel 0.990 0.990 0.990 0.997 - -V -cycle 0.438 0.177 0.177 0.275 0.844 -W -cycle 0.307 0.124 0.124 0.124 0.381 -Table 7.2Averaged convergence factors for (6.2) (bilinear basis functions, h = 1=32, � = 1=200).CN BDF(1) BDF(2) BDF(3) BDF(4) BDF(5)Gauss-Seidel 0.985 0.985 0.985 0.996 - -V -cycle 0.446 0.046 0.132 0.332 - -W -cycle 0.295 0.041 0.041 0.052 0.538 -at the �rst time-level corresponds to the value predicted by the �nite time-intervalanalysis (0.414). The pictures illustrate the onset of oscillations which rapidly explode.As more iterations are applied, the region of divergent behaviour moves to the right,and is forced out of the time-window. From then on, the iteration converges rapidly.7.2. The two-dimensional problem. We discretise (6.2) using linear basisfunctions (triangular elements) or bilinear basis functions (rectangular elements) ona mesh with equal mesh-size in x- and y-direction. The resulting system of ODEs issolved using Gauss-Seidel and multigrid waveform relaxation for t 2 [0; 1]. In the latterwe applied V -cycles and W -cycles, with one pre-smoothing and one post-smoothingstep of four-colour Gauss-Seidel type. We use standard coarsening down to a meshwith size h = 1=2, seven-point prolongation (linear basis functions) and nine-pointprolongation (bilinear basis functions). The restriction operator is de�ned as r = pt.In Tables 7.1 and 7.2 we report averaged convergence factors. These are de�nedas the average of �(�) over the region of nearly constant behaviour. The dashes ("-")in the tables indicate that the corresponding method showed divergence over a largenumber of iterations. Both tables illustrate the dependence of the convergence on thenature of the time-discretisation method.In Tables 7.3 to 7.8, we report averaged convergence factors obtained with W -cycles for di�erent values of the mesh-size parameters, and for di�erent discretisationschemes. We observe a dependence of the actual convergence factors on h and � . Forthe Crank-Nicolson and BDF(2) methods, these factors appear to be bounded by aconstant, smaller than one, independent of the mesh-size.For a constant value of h, we expect the convergence factors to converge to thecontinuous-time results when � decreases, see x4.3 and x5.3. This behaviour is re-cognised clearly for the CN method, in Tables 7.3 and 7.6. Due to the shape of thestability regions of the BDF(2) and BDF(4) methods, it takes a much smaller value of� before the discrete-time convergence factors tend to the continuous-time ones, seeTables 7.4, 7.5, 7.7 and 7.8. For a constant value of � , we observe an initial increaseof the convergence factor when h decreases. For su�ciently small h the convergencefactor starts to decrease again. This behaviour is similar to what is observed whenthe multigrid waveform relaxation method is used to solve the ODEs obtained byspatial �nite di�erence discretisation of a parabolic problem. We refer to [21, x3.5] foran intuitive explanation, and to [22] for a discussion based on an exponential Fouriermode analysis.



WAVEFORM RELAXATION ON FINITE ELEMENT MESHES 21Table 7.3Averaged convergence factors for (6.2) (linear basis functions, CN method, W -cycle).h; � 0.04 0.02 0.01 0.005 0.0025 0.0011/4 0.103 0.135 0.134 0.135 0.134 0.1351/8 0.126 0.256 0.305 0.304 0.304 0.3041/16 0.117 0.135 0.282 0.359 0.358 0.3571/32 0.123 0.125 0.140 0.307 0.372 0.371Table 7.4Averaged convergence factors for (6.2) (linear basis functions, BDF(2) method, W -cycle).h; � 0.04 0.02 0.01 0.005 0.0025 0.0011/4 0.051 0.070 0.111 0.128 0.133 0.1341/8 0.086 0.086 0.108 0.194 0.247 0.2911/16 0.118 0.118 0.118 0.118 0.124 0.2661/32 0.124 0.124 0.124 0.124 0.124 0.125Table 7.5Averaged convergence factors for (6.2) (linear basis functions, BDF(4) method, W -cycle).h; � 0.04 0.02 0.01 0.005 0.0025 0.0011/4 0.173 0.320 0.290 0.171 0.135 0.1341/8 0.141 0.324 0.525 0.766 0.666 0.3111/16 0.121 0.154 0.358 0.653 0.807 0.9481/32 0.124 0.124 0.124 0.381 0.726 1.091Table 7.6Averaged convergence factors for (6.2) (bilinear basis functions, CN method, W -cycle).h; � 0.04 0.02 0.01 0.005 0.0025 0.0011/4 0.102 0.133 0.136 0.137 0.137 0.1371/8 0.150 0.231 0.285 0.293 0.294 0.2941/16 0.080 0.179 0.268 0.330 0.343 0.3441/32 0.042 0.086 0.184 0.295 0.343 0.355Table 7.7Averaged convergence factors for (6.2) (bilinear basis functions, BDF(2) method, W -cycle).h; � 0.04 0.02 0.01 0.005 0.0025 0.0011/4 0.049 0.072 0.085 0.088 0.106 0.1251/8 0.063 0.088 0.130 0.178 0.224 0.2411/16 0.045 0.046 0.047 0.104 0.167 0.2461/32 0.041 0.041 0.041 0.041 0.042 0.132Table 7.8Averaged convergence factors for (6.2) (bilinear basis functions, BDF(4) method, W -cycle).h; � 0.04 0.02 0.01 0.005 0.0025 0.0011/4 0.124 0.217 0.161 0.148 0.139 0.1351/8 0.158 0.319 0.600 0.661 0.405 0.3241/16 0.069 0.147 0.377 0.735 0.892 0.7701/32 0.042 0.048 0.112 0.538 0.646 0.937



22 J. JANSSEN and S. VANDEWALLEAppendix. Analysis of the multigrid waveform relaxation operators.We consider the case where we have a hierarchy of grids, 
h0 � 
h1 � : : : � 
hl ; aset of prolongation operators phi+1hi : 
hi �! 
hi+1 ; 0 � i � l � 1, a set of restrictionoperators, rhihi+1 : 
hi+1 �! 
hi ; 0 � i � l � 1, and discretisation matrices Bhi andAhi , 0 � i � l. The multigrid algorithm di�ers from the two-grid cycle in that thecoarse-grid defect equation is approximately solved by an application of  two-gridcycles, an idea that is further extended recursively. (The classical V - and W -cyclescorrespond to  = 1 and  = 2 respectively.) In the continuous-time case this leadsto an iteration of the form u(�) = Mhlu(��1) + '. In the discrete-time case we endup with an iteration operator which we denote by (Mhl)� .Both iterative schemes can be analysed in exactly the same way as the two-gridcycles have been analysed. A Laplace transform argument is used in the continuous-time case, whereas the discrete-time case is treated by using a discrete Laplace-transform method. Proceeding as before, we can derive the symbol of the continuous-time multigrid waveform relaxation method, Mhl(z). The latter takes a particularlysimple form under the natural assumption that the semi-discretised PDE operatorsare invertible. In that case we can apply the following Lemma.Lemma A.1. Let B _u + Au = f have a unique solution, and let it be solvedapproximately by  steps of a consistent waveform method: u(k) =Mu(k�1)+' withu(0)(t) = 0. Then, the -th iterate can be represented as u() = (I �M)u .Under the above assumption, the multigrid symbol becomes:Mhl(z) =8>>><>>>: K�2hl(z)�I � phlhl�1 �I �Mhl�1(z)�L�1hl�1(z)rhl�1hl Lhl(z)�K�1hl (z) ; l 6= 1K�2h1(z)�I � ph1h0L�1h0 (z)rh0h1Lh1(z)�K�1h1(z) ; l = 1where Lhi(z) = zBhi + Ahi and Khi(z) = (zMBhi +MAhi )�1(zNBhi +NAhi ). NotethatMhl(z) is technically more complicated when the assumption is violated. In thatcase, it does not involve the factor L�1hl�1(z).Remark A.1. Let Khi(z) correspond to a Gauss-Seidel or weighted Jacobisplitting. Then, Mhl(z) is the multigrid iteration operator for the elliptic problem(zBhl +Ahl)uhl = fhl ; compare [4, p. 162] and [19, p. 46].As in [10], the continuous-time convergence theorems can be formulated in termsof this symbol. The ideas behind the proofs are identical to the ones behind thecorresponding proofs in the above reference, and therefore omitted.Theorem A.2. The multigrid waveform relaxation operator Mhl is a boundedoperator in C[0; T ] and �(Mhl) = � (Mhl(1)) :(A.1)Theorem A.3. Assume that all eigenvalues of M�1BhiMAhi ; 1 � i � l andB�1h0 Ah0 have positive real parts, and consider Mhl as an operator in Lp(0;1) with1 � p � 1. Then, Mhl is a bounded operator with spectral radius�(Mhl) = supRe(z)�0 � (Mhl(z)) = sup�2R� (Mhl(i�)) :(A.2)
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